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RENORMINGS OF THE DUAL OF JAMES TREE SPACES
ANTONIO AVILE´S
Abstract. We discuss renorming properties of the dual of a James tree space
JT . We present examples of weakly Lindelo¨f determined JT such that JT ∗
admits neither strictly convex nor Kadec renorming and of weakly compactly
generated JT such that JT ∗ does not admit Kadec renorming although it is
strictly convexifiable.
The norm of a Banach space is said to be locally uniformly rotund (LUR) if for
every for every x0 with ‖x0‖ = 1 and every ε > 0 there exists δ > 0 such that
‖x− x0‖ < ε whenever ‖
x+x0
2 ‖ > 1 − δ. A lot of research during the last decades
has been devoted to understanding which Banach spaces have an equivalent LUR
norm, and this is still a rather active line of research. In this note we are concerned
with this problem in the case of dual Banach spaces. It is a consequence of a result
of Fabian and Godefroy [7] that the dual of every Asplund Banach space (that is,
a Banach space such that every separable subspace has a separable dual) admits
an equivalent norm which is locally uniformly rotund. It is natural to ask whether,
more generally, the dual of every Banach space not containing ℓ1 admits an equiv-
alent LUR norm. We shall give counterexamples to this question by looking at the
dual of James tree spaces JT over different trees T . However all these examples
are nonseparable, and the problem remains open for the separable case. It was
established by Troyanski [18] that a Banach space admits an equivalent LUR norm
if and only if it admits an equivalent strictly convex norm and also an equivalent
Kadec norm. We recall that a norm is strictly convex if its sphere does not contain
any proper segment and it is a Kadec norm if the weak and the norm topologies
coincide on its sphere.
In Section 1 we shall recall the definition of the spaces JT and the main prop-
erties that we shall need.
In Section 2 we remark that the space JT ∗ has a LUR renorming whenever JT
is separable, so they cannot provide any counterexample for the separable case.
We also point out the relation which exists between the renorming properties of
JT ∗ and those of C0(T¯ ), the space of continuous functions on the completed tree
T¯ vanishing at ∞. Haydon [10] gave satisfactory characterizations of those trees
Υ for which C0(Υ) admits LUR, strictly convex or Kadec equivalent norm. We
show that if C0(T¯ ) has a LUR (respectively strictly convex) norm then also does
JT ∗, and that, on the contrary, if JT ∗ has an equivalent Kadec norm, then so does
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C0(T¯ ). We do not know about any of the converses.
In Section 3 we study the case when JT is weakly compactly generated. The
dual of every weakly compactly generated space is strictly convexifiable, however
we shall show that for some trees, JT is weakly compactly generated but JT ∗ does
not admit any equivalent Kadec norm.
In Section 4 we provide a sufficient condition on a tree T in order that JT ∗ does
not admit neither a strictly convex nor a Kadec renorming, namely that it is an
infinitely branchig Baire tree. This is inspired by a construction of Haydon which
can be found in [1] of the dual of a weakly Lindelo¨f determined Banach space with
no equivalent strictly convex norm (this space contains nevertheless ℓ1). Similar
ideas appear also in other Haydon’s papers like [9] and [10]. If we consider a partic-
ular tree constructed by Todorcˇevic´ [16], then the Banach space that we construct
is in addition weakly Lindelo¨f determined. The short proof of the properties of
the mentioned tree of Todorcˇevic´ presented in [16] is based on metamathematical
arguments, while there exists another proof of Haydon [9] using games. We include
another proof in Section 5, purely combinatorial.
As we mentioned, it is an open question whether the dual of every separable Ba-
nach space X not containing ℓ1 admits an equivalent LUR norm. For such a space
X , the bidual ball BX∗∗ is a separable Rosenthal compact in the weak
∗ topology
(that is, it is a pointwise compact set of Baire one functions on a Polish space).
Hence, the problem is a particular instance of the more general whether C(K) is
LUR renormable whenever K is a separable Rosenthal compact. Todorcˇevic´ [17]
has recently constructed a nonseparable Rosenthal compact K such that C(K) is
not LUR renormable, while Haydon, Molto´ and Orihuela [11] have shown that if K
is a separable pointwise compact set of Baire one functions with countably many
discontinuities on a Polish space, then C(K) is LUR renormable.
This research was done while visiting the National Technical University of Athens.
We want to express our gratitude to the Department of Mathematics for its hospi-
tality. Our special thanks go to Spiros Argyros, the discussion with whom is the
origin of the present work.
1. General properties of James tree spaces
In this section we shall give the definition and state some well known of James
tree spaces. We recall that a tree is a partially ordered set (T,≺) such that for
every t ∈ T , the set {s ∈ T : s ≺ t} is well ordered by ≺. A chain is a subset of T
which is totally ordered by ≺ and a segment is a chain σ with the extra property
that whenever s ≺ t ≺ u and s, u ∈ σ then t ∈ σ. For a tree T we consider the
James tree space JT which is the completion of c00(T ) = {f ∈ RT : |supp(f)| < ω}
endowed with the norm
‖f‖ = sup



 n∑
i=1
(∑
t∈σi
f(t)
)2
1
2


3where the supremum runs over all finite families of disjoint segments σ1, . . . , σn of
the tree T . The space JT is ℓ2-saturated, that is, every subspace contains a copy
of ℓ2 and in particular JT does not contain ℓ1, cf. [8] and [2] and also [12].
An element h∗ ∈ RT induces a linear map c00(T ) −→ R given by h
∗(x) =∑
t∈T h
∗(t)x(t). When such a linear map is bounded for the norm of JT , then h∗
defines an element of the dual space JT ∗. This is the case when h∗ is the charac-
teristic function of a segment σ of the tree, χ∗σ, for which we have indeed ‖χ
∗
σ‖ = 1.
Namely, if we take an element x ∈ c00(T ) of norm less than or equal to one we
will have, taking only the segment σ in the definition of the norm of JT , that
|
∑
i∈σ x(i)| ≤ 1, and this is the action of χ
∗
σ on x.
Proposition 1. If t1, . . . , tn are incomparable nodes of the tree T and we have
f1, . . . , fn ∈ c00(T ) such that all the elements on the support of fi are greater than
or equal to ti, shortly |fi| ≤ χ[ti,∞), then
‖f1 + · · ·+ fn‖ =
(
‖f1‖
2 + · · ·+ ‖fn‖
2
) 1
2
Proof: Every segment of the tree T intersects at most one of the segments [ti,∞),
so the set whose supremum computes the norm of f1 + · · · + fn consists exactly
of the numbers of the form
(∑n
1 λ
2
i
) 1
2 where each λi is one of the numbers whose
supremum computes the norm of fi. 
An antichain is a subset S of T such that every two different elements of S are
incomparable.
Definition 2. Let S be an antichain of the tree T . We define XS as the subspace
of JT generated by all x ∈ c00(T ) whose support is contained in [s,∞) for some
s ∈ S. For an element t ∈ T , we denote Xt = X{t}.
The properties of the subspaces XS are the following:
(1) XS =
(⊕
s∈S Xs
)
ℓ2
. This is Proposition 1.
(2) XS is a complemented subspace of JT , indeed we have a norm one projec-
tion πS : JT −→ XS which is defined for an element x ∈ c00(T ) setting
πS(x)t = xt if t  s for some s ∈ S and πS(x)t = 0 otherwise. First, πS
reduces the norm because if we have a family of segments providing a sum
for computing the norm of πS(x), then we can assume that every segment
is contained in some [s,∞) for s ∈ S, and then, the same segments will pro-
vide the same sum for the computation of the norm of x. Second, clearly
πS(x) = x if x ∈ XS.
(3) The dual map of the operator πS defined above allows us to consider X
∗
S
as a subspace of JT ∗ since π∗S : X
∗
S −→ JT
∗ is an isometric embedding
because πS is a projection of norm one. In this way X
∗
S is identified with
the range of π∗S , which equals the set of all elements of JT
∗ which take the
same values on x and on πS(x) for every x ∈ JT (in particular, χ∗[t,u) ∈ X
∗
s
whenever s  t). Again, X∗S is a complemented subspace, since if we call
4 ANTONIO AVILE´S
iS : XS −→ JT to the inclusion, then i∗S : JT
∗ −→ X∗S is a projection of
norm one. Taking duals in (1), we obtain
X∗S =
(⊕
s∈S
X∗s
)
ℓ2
(4) Taking duals again, we have an isometric embedding i∗∗S : X
∗∗
S −→ JT
∗∗
and a projection of norm one π∗∗S : JT
∗∗ −→ X∗∗S and again
X∗∗S =
(⊕
s∈S
X∗∗s
)
ℓ2
2. The relation with C0(T¯ )
We notice first that James tree spaces JT cannot be used to provide examples
of separable Banach spaces with non LUR renormable dual. Let us denote by T¯ ,
the completed tree of T , the tree whose nodes are the initial segments of the tree T
(that is, the segments σ of T with the property that whenever s ≺ t and t ∈ σ then
s ∈ σ) ordered by inclusion. We view T ⊂ T¯ by identifying every t ∈ T with the
initial segment {s ∈ T : s  t}. A result of Brackebusch states that for every tree
T , JT ∗∗ is isometric to JT¯ where T¯ is the completed tree of T . We shall need also
that by [5, Theorem VII.2.7], if Y ∗ is a subspace of a weakly compactly generated
space, then Y has an equivalent LUR norm.
Proposition 3. Let T be a tree and X be a separable subspace of JT , then X∗∗
is a subspace of a weakly compactly generated and hence, X∗ admits an equivalent
LUR norm.
PROOF: Let T1 be a countable set (that we view as a subtree of the tree T )
such that X ⊂ span({χ{t} : t ∈ T1}) ∼= JT1. Since T1 is a countable tree, it has
countable height ht(T1) = α < ω1 and the height of the completed tree cannot be
essentially larger, ht(T¯1) ≤ α+1 < ω1, so in particular, T¯1 is countable union of an-
tichains and JT¯1 is weakly compactly generated. Finally, JT
∗∗
1
∼= JT¯1, so X∗∗ is a
subspace of a weakly compactly generated space and so X∗ is LUR renormable. 
Let us recall now how Brackebusch identifies the basic elements of JT¯ inside
JT ∗∗ in order to get an isometry. For every initial segment of the tree T , s ∈ T¯ ,
we have the basic element es ∈ JT ∗∗ whose action on every x∗ ∈ JT ∗ is given by:
(⋆) es(x
∗) = lim
t∈s
x∗(χ{t}).
The initial segment s is well ordered, so when we write a = limt∈s at we mean
that for every neighborhood U of a there exists t0 ∈ s such that at ∈ U whenever
t ≥ t0. We consider a tree Υ endowed with its natural locally compact topology
with intervals of the form (s, s′] as basic open sets, and Υ ∪ {∞} its one-point
compactification. Let us first notice the following fact:
5Proposition 4. The set {es : s ∈ T¯} ∪ {0} is homeomorphic in the weak∗ topology
of JT ∗∗ to the space T¯ ∪ {∞} through the natural correspondence.
Proof: Since T¯ ∪{∞} is compact, it is enough to check that the natural identifi-
cation T¯ ∪ {∞} −→ {es : s ∈ T¯}∪ {0} is continuous. The fact that it is continuous
at the points t ∈ T¯ follows immediately from (⋆). For the continuity at ∞ we
take V a neighborhood of 0 in the weak∗ topology and we shall see that the set
L = {t ∈ T¯ : t 6∈ V } is a relatively compact subset of T¯ . We shall prove that
every transfinite sequence {tα : α < λ} of elements of L has a cofinal subsequence
which converges to a point of L (this is a stronger principle than that every net has
a convergent subnet and holds on those sets with scattered compact closure). A
partition principle due to Dushnik and Miller [6, Theorem 5.22] yields that either
there is an infinite subsequence {tαn : n ∈ ω} of incomparable elements or there is
a cofinal subsequence in which every couple of elements is comparable. The first
possibility is excluded because we know that a family of vectors of JT¯ correspond-
ing to an antichain is isometric to the basis of ℓ2, and in particular it weakly (and
hence weak∗) converges to 0, contradicting that V is a weak∗ neighborhood of 0. In
the latter case, the cofinal subsequence is contained in a branch of the tree which
is a well ordered set, and again the same partition principle of Dushkin and Miller
[6, Theorem 5.22] implies that it has a further cofinal and increasing subsequence,
and this subsequence converges to its lowest upper bound in T¯ . 
Proposition 4 allows us to view every element x∗ ∈ JT ∗ as a continuous function
on T¯ ∪ {∞} vanishing at ∞, and thus to define an operator,
F : JT ∗ −→ C0(T¯ ).
Recall that C0(T¯ ) stands for the space of real valued continuous functions on
T¯ ∪{∞} vanishing at∞, endowed with the supremum norm ‖·‖∞. Haydon [10] has
characterized the classes of trees Υ for which the space C0(Υ) admits equivalent
LUR, Kadec or strictly convex norms. Notice that F is an operator of norm 1,
since ‖F (x∗)‖∞ = sup{|es(x∗)| : s ∈ T¯} ≤ ‖x∗‖.
Theorem 5. Let T be a tree.
(1) If C0(T¯ ) admits an equivalent strictly convex norm, then JT
∗ also admits
an equivalent strictly convex norm.
(2) If C0(T¯ ) admits an equivalent LUR norm, then JT
∗ also admits an equiv-
alent LUR norm.
(3) If JT ∗ admits an equivalent Kadec norm, then C0(T¯ ) also admits an equiv-
alent Kadec norm.
PROOF: Part (1) follows from the fact that F is a one-to-one operator and one-
to-one operators transfer strictly convex renorming. Moreover, F has the additional
property that the dual operator F ∗ : C0(T¯ )
∗ −→ JT ∗∗ ∼= JT¯ has dense range,
because for every dirac measure δs, s ∈ T¯ we have that F ∗(δs) = es. One to one
operators whose dual has dense range transfer LUR renorming [15], so this proves
part (2). Concerning part (3), we observe that if ||| · ||| is an equivalent Kadec norm
on JT ∗ and ρ : T¯ −→ R is defined by
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ρ(s) = inf{|||χ∗σ||| : s ⊂ σ}
then ρ : T¯ −→ R is an increasing function with no bad points in the sense of [10],
just by the same argument as in [10, Proposition 3.2]. Hence, by [10, Theorem 6.1],
C0(T¯ ) admits an equivalent Kadec norm. 
We do not know whether any of the converses of Theorem 5 holds true. Con-
cerning part (3), no transfer result for Kadec norms is available. In the other two
cases, it would be natural to try to imitate Haydon’s arguments in [10] using the
function ρ(s) = inf{|||χ∗σ||| : s ⊂ σ} on JT
∗. But these arguments rely on the con-
sideration of certain special functions f ∈ C0(Υ) which are not available anymore
in JT ∗ which is a rather smaller space.
3. When JT is weakly compactly generated
In this section we analyze the case when JT is weakly compactly generated. This
property is characterized in terms of the tree as it is shown in the following result
which can be found in [3]:
Theorem 6. For a tree T the following are equivalent
(1) JT is weakly compactly generated.
(2) JT is weakly countably determined.
(3) T is the union of countably many antichains.
(4) T =
⋃
n<ω Sn where for every n < ω, Sn contains no infinite chain.
A tree is union is the union of countably many antichains if and only if it is
Q-embeddable, cf. [16, Theorem 9.1]. It happens that for a tree T satisfying the
conditions of Theorem 6, the renorming properties of JT ∗ depend on whether the
completed tree T¯ is still the union of countably many antichains.
Theorem 7. Let T be a tree which is the union of countably many antichains. The
following are equivalent:
(1) T¯ is also the union of countably many antichains.
(2) JT ∗ admits an equivalent Kadec norm.
(3) JT ∗ admits an equivalent LUR norm.
The dual of every weakly compactly generated space admits always an equivalent
strictly convex norm since, by the Amir-Lindenstrauss Theorem there is a one-to-
one operator into c0(Γ). Hence, that (2) and (3) are equivalent is a consequence of
the result of Troyanski mentioned in the introduction. On the other hand, we also
mentioned in Section 2 the result of Brackebusch [4] that for any tree T , JT ∗∗ is
isometric to JT¯ . Hence, if (1) is verified, then JT ∗∗ is weakly compactly generated
and it follows then by [5, Theorem VII.2.7] that JT ∗ admits an equivalent LUR
norm. Our goal is therefore to prove that (2) implies (1) but before passing to this
we give an example of a tree T0 which is the union of countably many antichains
but the completion T¯0 does not share this property, so that after Theorem 7 JT0
is a weakly compactly generated space not containing ℓ1 and such that JT
∗
0 does
not admit any equivalent Kadec norm, namely
T0 = σ
′Q = {t ⊂ Q : (t, <) is well ordered and max(t) exists},
7where t ≺ s if t is a proper initial segment of s. For every rational number q ∈ Q,
the set Sq = {t ∈ T0 : max(t) = q} is an antichain of T0, and T0 =
⋃
q∈Q Sq. The
completed tree T¯0 can be identified with the following tree:
T1 = σQ = {t ⊂ Q : (t, <) is well ordered},
the identification sending every t ∈ T1 to the initial segment {t′ ∈ T0 : t′ ≺ t} of
T0. The fact that T1 is not countable union of antichains is a well known result
due to Kurepa [14], cf. also [16]. The reason is the following: suppose there ex-
isted f : T1 −→ N such that f−1(n) is an antichain. Then we could construct by
recursion a sequence t1 ≺ t2 ≺ · · · inside T1 and a sequence of rational numbers
q1 > q2 > · · · such that qi > sup(ti) and f(tn+1) = min{f(t) : tn ≺ t, sup(t) < qn}.
The consideration of the element tω =
⋃
n<ω tn leads to a contradiction.
Lemma 8. Let T be any tree and suppose that there exists an equivalent Kadec
norm on JT , then there exist
(a) a countable partition of T¯ , T¯ =
⋃
n<ω Tn and
(b) a function F : T¯ −→ 2T which associates to each initial segment σ ∈ T¯ a
finite set F (σ) of immediate successors of σ,
such that for every n < ω and for every infinite chain σ1 ≺ σ2 ≺ · · · contained in
Tn there exists k0 < ω such that F (σk) ∩ σk+1 6= ∅ for every k > k0.
Proof: Let ||| · ||| be an equivalent Kadec norm on JT ∗.
Claim: For every σ ∈ T¯ there exists a natural number nσ and a finite set
F (σ) ⊂ T of immediate successors of σ such that | |||χ∗σ||| − |||χ
∗
σ′ ||| | ≥
1
nσ
for
every σ′ ∈ T¯ such that σ ≺ σ′ and F (σ) ∩ σ′ = ∅.
Proof of the claim: Suppose that there existed σ ∈ T¯ failing the claim. Then, we
can find recursively a sequence {qn} of different immediate succesors of σ together
with a sequence {σn} of elements of T¯ such that σ ∪ {qn}  σn and∣∣ |||χ∗σ||| − |||χ∗σn ||| ∣∣ < 1n.
Now, {σ′n = σn \ σ} is a sequence of incomparable segments of T , so the se-
quence {χ∗σ′
n
} is isometric to the base of ℓ2 and in particular it weakly converges
to 0. Hence the sequence χ∗σn = χ
∗
σ + χ
∗
σ′
n
weakly converges to χ∗σ, however it does
not converge in norm since ‖χ∗σ′
n
‖ = 1 for every n. Finally, since |||χ∗σn ||| converges
to |||χ∗σ||| we obtain, after normalizing, a contradiction with the fact that ||| · ||| is
a Kadec norm.
From the claim we get the function F and also the countable decomposition
setting Tn = {σ ∈ T¯ : nσ = n}. Suppose that we have an increasing sequence
σ1 ≺ σ2 ≺ · · · inside Tn. We observe that whenever F (σk) ∩ σk+1 = ∅ we have
that
∣∣∣ |||χ∗σk ||| − |||χ∗σk′ |||
∣∣∣ ≥ 1n for all k′ > k. This can happen only for finitely
many k’s because ||| · ||| is an equivalent norm so it is bounded on the unit sphere
of JT ∗. 
8 ANTONIO AVILE´S
Now we assume that T is union of countably many antichains, T =
⋃
m<ω Rm,
and that it verifies the conclusion of Lemma 8 for a decomposition T¯ =
⋃
n<ω Tn
and a function F , and we shall show that indeed T¯ is the union of countably many
antichains. For every n < ω and every finite subset A of natural numbers we
consider the set
Sn,A =
{
σ ∈ T¯ : σ ∈ Tn and F (σ) ⊂
⋃
m∈A
Rm
}
This gives an expression of T¯ as countable union T¯ =
⋃
n,A Sn,A. We shall verify
that this expression verifies condition (4) of Theorem 6. Suppose by contradiction
that we had an infinite chain σ1 ≺ σ2 ≺ · · · inside a fixed Sn,A. First, since
Sn,A ⊂ Tn there exists k0 such that F (σk) ∩ σk+1 6= ∅ for every k > k0, say
tk ∈ F (σk) ∩ σk+1 ⊂
⋃
m∈ARm. Then t1 ≺ t2 ≺ · · · is an infinite chain of T
contained in
⋃
m∈ARm which is a finite union of antichains. This contradiction
finishes the proof of Theorem 7.
4. Spaces with no strictly convex nor Kadec norms
In this section we give a criterion on a tree T in order that JT ∗ admits neither
a Kadec norm nor a strictly convex norm. We recall that the downwards closure of
a subset S of a tree T is defined as
Sˆ = {t ∈ T : ∃s ∈ S : t  s}.
Theorem 9. Let T be a tree verifying the following properties:
(T1) Every node of T has infinitely many immediate succesors.
(T2) For any countable family of antichains {Sn : n < ω} there exists t ∈ T such
that t 6∈
⋃
n<ω Sˆn.
Then there is neither a strictly convex nor a Kadec equivalent norm in JT ∗.
Condition (T2) is called Baire property of the tree and condition (T1) is usually
expressed saying that T is an infinitely branching tree. An example of a tree satis-
fying properties (T1) and (T2) is the tree whose nodes are the countable subsets of
ω1 with s ≺ t if s is an initial segment of t (property (T2) is proved by constructing
a sequence t1 ≺ t2 ≺ · · · with ti 6∈ Sˆi and taking t ≻
⋃
ti). A refinement of this
construction due to Todorcˇevic´ [16] produces a tree with the additional property
that all branches are countable, and this implies that for this tree JT is weakly
Lindelo¨f determined [1]. This is the example discussed in Section 5.
Along the work of Haydon it is possible to find different results implying that if
a tree Υ is an infinitely branching Baire tree, then C0(Υ) (or certain spaces which
can be related to it) has no Kadec or strictly convex norm, cf. [10], [9]. One may
be tempted to use Theorem 5 in conjunction with these results to get Theorem 9.
However, there is a difficulty since these properties (T1) and (T2) on T are not eas-
ily reflected on the completed tree T¯ . The tree T¯ is never a Baire tree, since the set
M of all maximal elements verifies that Mˆ = T¯ , and even if we try to remove these
maximal elements, the hypothesis that T is infinitely branching is weaker than the
hypothesis that T¯ is infinitely branching. We shall do it therefore by hand, using
9in any case, similar arguments as in Haydon’s proofs.
We assume now that T satisfies (T1) and (T2), we fix an equivalent norm
(JT ∗, ||| · |||) and we shall see that this norm is neither strictly convex nor a Kadec
norm.
Lemma 10. For any node of the tree t ∈ T and every ε > 0 we can find another
node s ≻ t and an element x∗∗s ∈ JT
∗∗ with |||x∗∗s |||
∗ = 1 such that
(1)
∣∣∣sup{|||χ∗[0,u]||| : u  s} − |||χ∗[0,s]|||∣∣∣ < ε.
(2) x∗∗s (χ
∗
[0,u]) ≥ |||χ
∗
[0,s]||| − ε whenever s ≺ u.
PROOF: First we take a node t′ ≻ t such that∣∣∣sup{|||χ∗[0,u]||| : u  t} − |||χ∗[0,t′]|||∣∣∣ < ε2 ,
and we find x∗∗ ∈ JT ∗∗ with |||x∗∗s |||
∗ = 1 such that x∗∗(χ[0,t′]) = |||χ
∗
[0,t′]|||. We
consider the set S of all immediate successors of t′ in the tree T which is an infinite
antichain. Then, we can consider the projection
π∗∗S : JT
∗∗ −→ X∗∗S =
(⊕
s∈S
X∗∗s
)
ℓ2
Since S is infinite, there must exist s ∈ S such that ‖π∗∗s (x
∗∗)‖ < ε2 .
The elements s ∈ T and x∗∗s = x
∗∗ are the desired. Namely, for any u  s,
x∗∗(χ∗[0,u]) = x
∗∗(χ∗[0,t′]) + x
∗∗(χ∗[s,u]),
and χ∗[s,u] ∈ X
∗
s , so π
∗
s (χ
∗
[s,u]) = χ
∗
[s,u] and
x∗∗(χ∗[0,u]) = x
∗∗(χ∗[0,t′]) + x
∗∗(χ∗[s,u])
= x∗∗(χ∗[0,t′]) + x
∗∗(π∗s (χ
∗
[s,u]))
= x∗∗(χ∗[0,t′]) + π
∗∗
s (x
∗∗)(χ∗[s,u])
≥ x∗∗(χ∗[0,t′])−
ε
2
= |||χ∗[0,t′]||| −
ε
2
≥ |||χ∗[0,s]||| − ε.
This guarantees in particular that |||χ∗[0,s]||| ≥ x
∗∗(χ∗[0,s]) ≥ |||χ
∗
[0,t′]||| −
ε
2 . This
together with the property which follows from the initial choice of t′ gives also
property (1) in the lemma and finishes the proof. 
We construct by recursion, using Lemma 10, a sequence of maximal antichains
of T , {Sn : n < ω} which are increasing (that is for every t ∈ Sn+1, there exists
s ∈ Sn with s ≺ t) and such that for every n < ω and for every s ∈ Sn there exists
an element x∗∗s ∈ JT
∗∗ with |||x∗∗s |||
∗ = 1 such that
(1)
∣∣∣sup{|||χ∗[0,u]||| : u ≻ s} − |||χ∗[0,s]|||∣∣∣ < 1n .
(2) x∗∗s (χ
∗
[0,u]) = x
∗∗
s (χ
∗
[0,s]) ≥ |||χ
∗
[0,s]||| −
1
n
whenever s ≺ u.
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Now, by property (T2), we can pick t ∈ T \
⋃
n<ω Sn. We can find for t a se-
quence s1 ≺ s2 ≺ · · · ≺ t with sn ∈ Sn.
For any t′  t and for every n < ω,
|||χ∗[0,sn]||| −
1
n
≤ x∗∗sn(χ
∗
[0,t′]) ≤ |||χ
∗
[0,t′]||| ≤ sup
usn
|||χ∗[0,u]||| ≤ |||χ
∗
[0,sn]
|||+
1
n
.
This implies that all the successors of t have the same norm ||| · ||| equal to the
limit of the norms |||χ∗[0,sn]|||. If we take t1 and t2 two immediate succesors of t, in
addition, for every n < ω
|||
χ∗[0,t1] + χ
∗
[0,t2]
2
||| ≥ x∗∗sn
(
χ∗[0,t1] + χ
∗
[0,t2]
2
)
≥ |||χ∗[0,sn]||| −
1
n
and passing to the limit
|||
χ∗[0,t1] + χ
∗
[0,t2]
2
||| ≥ |||χ∗[0,t1]||| = |||χ
∗
[0,t2]
|||
and this shows that ||| · ||| is not a strictly convex norm.
If now we take a sequence of different immediate succesors of t, {tn : n < ω},
then χ∗{tn} is an element of norm one of X
∗
tn
and since
X∗{tn:n<ω} =
(⊕
n<ω
X∗tn
)
ℓ2
the sequence (χ∗{tn} : n < ω) is isometric to the base of ℓ2 and in particular it is
weakly null. Therefore χ∗[0,tn] is a sequence in a sphere which weakly converges to
χ∗[0,t] which is in the same sphere. However ‖χ
∗
[0,tn]
−χ∗[0,t]‖ = ‖χ
∗
[tn,tn]
‖ = 1 so this
sequence does not converge in norm. This shows that ||| · ||| is not a Kadec norm.
5. About a tree of Todorcˇevic´
A subset A of ω1 is called stationary if the intersection of A with every closed
and unbounded subset of ω1 is nonempty. We shall fix a set A such that both A
and ω1 \A are stationary. The existence of such a set follows from a result of Ulam
[13, Theorem 3.2].
Definition 11 (Todorcˇevic´). We define T to be the tree whose nodes are the closed
subsets of ω1 which are contained in A and whose order relation is that s ≺ t if s
is an initial segment of t.
First, T has property (T1) because if t ∈ T and η ∈ A verifies that η > max(t),
then t ∪ {γ} is an immediate successor of t in T . On the other hand, T does
not contain any uncountable chain. If {ti}i < ω1 were an uncountable chain, then⋃
i<ω1
ti is a closed an unbounded subset of ω1, so it should intersect ω1 \A, which
is impossible. The difficult point is in showing that T verifies property (T2).
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Theorem 12 (Todorcˇevic´). For any countable family of antichains {Sn : n < ω}
there exists t ∈ T such that t 6∈
⋃
n<ω Sˆn.
PROOF: We suppose by contradiction that we have a family of antichains
{Sn : n < ω} which does not verify the statement. We can suppose without
loss of generality that every one of these antichains is a maximal antichain, and
that they are increasing, that is, for every t ∈ Sn+1 there exists s ∈ Sn such that
s ≺ t. What we know is that for every t ∈ T we can find t′ ∈
⋃
m<ω Sm such that
t ≺ t′. Moreover, since the antichains are taken maximal and increasing,
(∗) For every natural number n and for every t ∈ T there exists t′ ∈
⋃
m>n Sm
such that t ≺ t′.
We construct a family {Rξ : ξ < ω1} of subsets of T with the following properties:
(1) Rξ is a countable subset of
⋃
n<ω Sn.
(2) Rξ ⊂ Rζ whenever ξ < ζ.
(3) If ξ is a limit ordinal, then Rξ =
⋃
ζ<ξ Rζ .
(4) If we set γξ = sup{max(t) : t ∈ Rξ} then the following are satisfied
(a) γξ < γζ whenever ξ < ζ.
(b) For every ξ < ω1, every t ∈ Rξ, every n < ω and every η ∈ A such that
max(t) < η < γξ there exists t
′ ∈ Rξ ∩∪m>nSm such that t∪{η} ≺ t′.
(c) γξ 6= max(t) for every t ∈ Rξ.
These sets are constructed by induction on ξ. We set R0 = ∅ and we suppose
we have constructed Rζ for every ζ < ξ. If ξ is a limit ordinal, then we define
Rξ =
⋃
ζ<ξ Rζ . Notice that then γξ = sup{γζ : ζ < ξ} and all properties are
immediately verified for Rξ provided they are verified for every ζ < ξ.
Now, we suppose that ξ = ζ +1. In order that 4(b) is verified, we will carry out
a saturation argument. We will find Rξ as the union of a sequence Rξ =
⋃
n<ω R
n
ξ .
First, we set R0ξ = Rζ and γ
0
ξ = γζ . Because we know that property 4(b) is
verified by Rζ , we have guaranteed property 4(b) in Rξ when η < γζ .
In the next step, we take care that 4(b) is verified for every t ∈ R0ξ and η = γζ .
That is, for every t ∈ R0ξ and every n < ω we find, using property (∗), t
′
n ∈
⋃
m>n Sm
such that t ∪ {γ0ξ} ≺ t
′
n and we set R
1
ξ = R
0
ξ ∪ {t
′
n : t ∈ R
0
ξ , n < ω} and
γ1ξ = sup{max(s) : s ∈ R
1
ξ}.
If we have already defined Rnξ and γ
n
ξ = sup{max(s) : s ∈ R
n
ξ } then we make
sure that property 4(b) will be verified in Rξ for any η ≤ γnξ , that is for every
every n < ω, every t ∈ Rnξ and every η ∈ (max(t), γ
n
ξ ], we find, by property (∗), an
element t′nη ∈
⋃
m>n Sm such that t ∪ {γ
0
ξ} ≺ t
′
nη and we set
Rn+1ξ = R
n
ξ ∪ {t
′
nη : t ∈ R
0
ξ , n < ω, η ∈ (max(t), γ
n
ξ ]}
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and γn+1ξ = sup{max(s) : s ∈ R
n+1
ξ }.
Finally, setting Rξ =
⋃
n<ω R
n
ξ , we will have that γξ = supn<ω γ
n
ξ and the con-
struction is finished.
Now, we will derive a contradiction from the existence of the sets Rξ. The set
{γξ : ξ < ω1} is a closed and unbounded subset of ω1, so since A is stationary,
there exists ξ < ω1 such that γξ ∈ A. We will construct a sequence t1 ≺ t2 ≺ · · ·
of elements of Rξ such that tn ∈
⋃
m>n Sm and γξ = sup{max(tn) : n < ω}. Such
a sequence leads to a contradiction, because in this case, t =
⋃∞
n=1 tn ∪ {γξ} is
a node of the tree with the property that for every n, t ≻ tn ∈ Smn , mn > n,
and this implies that t 6∈
⋃
n<ω Sˆn. The construction of the sequence tn is done
inductively as follows. An increasing sequence of ordinals {ηi : i < ω} converging
to γξ is chosen. If we already defined tn−1, we find i with max(tn) < ηi and we use
property 4(b) to find tn ∈ Rξ ∩
⋃
m>n Sm with tn−1 ∪ {ηi} ≺ tn.
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